Open quantum system interacting with structured environment is important and manifests nonMarkovian behavior, which was conventionally studied using quantum trajectory stochastic method. In this paper, by dividing the effects of the environment into two parts, we propose a deterministic method without using quantum trajectory. This method is more efficient and accurate than stochastic method in most Markovian and non-Markovian cases. We also extend this method to the generalized Lindblad master equation.
unitary evolution of the states and the probability flow between these states. Moreover, we also extend this approach to the generalized Lindblad master equation which can deal with some strong coupling cases [19] . The algorithm and numerical efficiency are given, which show that our method is more efficient and accurate than those based on stochastic simulation in most Markovian and non-Markovian cases.
The dynamics of the non-Markovian system is governed by the following master equation [8] 
where H s is the system Hamiltonian including the Lamb shift, C j (t) are the jump operators which induce changes [e.g., jump from state ψ α (t) to ψ α ′ (t) i.e., |ψ α ′ (t) = C j (t)|ψ α (t) / ||C j (t)|ψ α (t) || ] in the system, and γ j (t) are the decay rates which may take negative values for some time intervals. The reduced density matrix can be written as [17] ρ(t) =
where p α (t) is the probability of the system being in the state |ψ α (t) at time t. Further, it should be pointed out that the effective number of the states N ef f is determined by C j (t)'s [18] ,
α=1 p α (t) = 1 and that the state |ψ α (t) is normalized.
To solve the dynamics of the system, one should know the time evolution of |ψ α (t) and its probability p α (t). In our method, the time evolution of the state |ψ α (t) is the same as that in NMQJ [17] . In NMQJ, the probability p α (t) is calculated in a stochastic way by using quantum trajectory to N ensemble members. In our method, however, the evolution of probability p α (t) is given in a deterministic way:
where
the summation over all the pairs (α ′ , j) satisfying |ψ α (t) = C j (t) |ψ α ′ (t) / C j (t) |ψ α ′ (t) . One finds that the probability of the state, p α (t), changes via the mechanism of jumps for "out" (α → α ′ ) and "in" (α ′ → α), respectively.
The numerical simulation corresponding to Eq. (3) is straightforward:
(4) Note that there is no stochastic noise and no need to consider the sign of the decay rate during the simulation. Additionally, the p α (t)'s in our method do represent the probability of the system actually being in the corresponding pure state ensemble.
Consider a particular transition:
||, then the corresponding probability change takes the form:
When the decay rate γ j (t) is positive or negative, the probability flow is from |ψ α (t) to |ψ α ′ (t) or reversed. This has been mentioned in Ref. [17] . However, it is more explicit in our method. From Eq. (5), it is clear that, in the negative decay region, the amount of probability flow only depends on the target state and the probability of the system being in the target state. This is similar to the situation in NMQJ [17] , where the jump probability in the negative decay region is proportional to the number of particles in the target state. These indicate that the trajectory of a particle in NMQJ can not be interpreted as true trajectory since the jump process depends on the status of other particles in the system. Because true pure state quantum trajectories do not exist in the non-Markovian dynamics [12] , it is not necessary to calculate p α (t) in a stochastic way.
Next, we extend our method to the recently proposed generalized Lindblad master equation which can solve the dynamics of some highly non-Markovian systems [19] ,
where i, j = 1, 2, · · · , n, H i are any Hermitian operators, and R ij λ are any system operators. It should be indicated that
The ith density matrix is decomposed as:
where N i ef f is determined in the same way in Eq. (2) by taking all the jump operators R ij ν , s and all the states ψ α j (t)
, s in each ρ j (t) into consideration. The evolution of state |ψ α i (t) is governed by the nonlinear differential equation [21] 
By combining Eqs. (6), (7), (8) and noting that ψ
′ represents the summation over all the pairs (j, ν, α ′ ) satisfying |ψ
. It can be easily seen that by setting n = 1 and taking the decay rates γ(t) into the equation, Eq. (9) degenerates to Eq. (3).
Example 1:
Detuned Jaynes-Cummings model.-Consider a system with a two-level atom in a detuned damped cavity, which is governed by the time convolutionless master equation [8] 
The spectral density of the cavity is supposed to be of Lorentzian profile, i.e., J(ω) = , where ∆ = ω 0 − ω c is the detuning between the cavity mode and the atom. To second order approximation, the Lamb shift and the decay rate take the form [8] 
In this model, there is only one jump operator C = σ − = |g e|, which is a lowering operator. We assume that ρ(0) = |ψ 1 (0) ψ 1 (0)| and choose |ψ 1 (0) = (4 |e +3 |g )/5. Acting the jump operator on the state |ψ 1 (0) , we get |ψ 2 (0) = |g . According to Eq. (4), at time t + δt, the probabilities become
where Γ 1 1 (t) = γ(t) | e | ψ 1 (t) | 2 . In this example, ρ ee (t) is proportional to the energy of the system and p 2 (t) represents the probability for one photon being in the environment. Although p 1 (t) and p 2 (t) can be solved analytically, in order to illustrate our method, we use Eq. (11) to do the simulation. The parameters are chosen as ∆ = 12λ, γ 0 λ = 4, λδt = 0.005. Figure 1 (a) shows explicitly the reversal of the proba- bility flow. We can see from Fig. 1 (a) and (b) that when the probability flow gets reversed, the energy and coherence of the atom increase. These show explicitly the memory effect that the reduced system restores the information lost earlier. In Fig. 1 (b) , the result of NMQJ (with N = 10 4 particles in the system) is also given, which shows that our method is more accurate.
Example 2: Application to generalized Lindblad master equation.-To illustrate our method for this kind of equation, we consider a two-state system coupled to an environment consisting of two energy bands, each with a finite number of evenly spaced levels. This may be viewed as a spin coupled to a single molecule or a single particle quantum dot [20] . By using time-convolutionless projection operator technique, to the second order, the generalized Lindblad master equation takes the form [21] 
where γ i h(t − t 1 ), (i = 1, 2), is the environment correlation function with h(t) = δε sin 2 (δεt/2) 2π(δεt/2) 2 where δε is the width of the upper and lower energy bands. The reduced density matrix for the system is given by ρ = ρ 1 + ρ 2 . We assume that ρ 1 (0) = |e e| and ρ 2 (0) = 0. The parameters are chosen as δǫ = 0.31 and γ 1 = γ 2 = 1. In Fig. 2 we compare the results of our method, analytical solution and Monte Carlo simulation which is based on the unraveling of the master equation (with N = 10 4 trajectories) [21] . Apparently, our method is more accurate than Monte Carlo simulation method.
According to Eqs. (4), we only need to calculate N ef f states and change the probabilities deterministically. The time cost is almost determined by the calculation of N ef f states. However, the evolution of N ef f states is independent with each other, so we can calculate them parallelly. In addition, if the jump operators can be represented by sparse matrixes, we only need to calculate the evolution of the states appearing in the decomposition of ρ(0) and use the jump operators to obtain other states. Moreover, since the sign of the decay rate makes no difference during the simulation, in non-Markovian case, our method is as efficient as it behaves in Markovian case.
Similar to our method, the NMQJ method [17, 18] needs to calculate N ef f states. However, in addition to that, NMQJ has to consider the sign of the decay rates and generate N random numbers (N ≫ N ef f ) to decide the jump process at each time step δt. Apparently, our method is more efficient than NMQJ in any case.
In Markovian case, the MCWF [1] and QSD [4] method need to realize a large number of trajectories for every state appearing in the decomposition of ρ(0). When the number of these trajectories is larger than N ef f , which is always the case, our method is more efficient than them. In non-Markovian case, the DHS method [13] , THS method [14] and non-Markovian QSD method [15, 16] all introduce additional cost for computational efficiency compared to MCWF or QSD. However, in nonMarkovian case, our method is as efficient as it behaves in Markovian case. Thus, when the number of these trajectories is larger than N ef f , our method is obviously more efficient than them, too.
As for the accuracy, since there is no statistical noise in our method and the error caused by finite time step δt is the same, compared with all the methods based on stochastic simulation, our method is more accurate. Actually, our method is the limit case when the number of realizations in the stochastic based methods tends to infinite.
In conclusion, by dividing the influence of the environment on the system into two parts, i.e., the non-unitary evolution of these states and the probability flow between them, we propose a deterministic method to solve the non-Makovian dynamics. Compared with the method based on stochastic simulation, our method has advantages in efficiency and accuracy. Additionally, we extended this approach to the generalized Lindblad master equation , which is useful to solve the dynamics of some highly non-Markovian systems. This work is supported by the Key Project of the National Natural Science Foundation of China (Grant No. 60837004).
